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Recently, a connection between quantum coherence and quantum steering was established and
criteria for quantum steering or in other words, nonlocal advantage of quantum coherence (NAQC)
were derived for two-qubit states. Here, we derive a set of complementarity relations between the
steering or NAQC inequalities achieved by various criteria. We also extend the idea in the multi-
partite scenario, specifically, in the three-qubit scenario, which can easily be generalized to the
multi-partite scenario.
PACS numbers: 03.67.-a, 03.67.Mn
I. INTRODUCTION.
Recently, complementarity and trade-off relations in
different forms for different quantities and to establish
different notions of quantum information theory have
turned into a new trend. To name a few, we have
coherence complementarity relations [1–3], information
complementarity for decoding quantum incompatibil-
ity [4], contextuality-nonlocality trade-off relation [5],
coherence-mixedness complementarity relation [6] and re-
verse uncertainty relations [7], which is nothing but a new
complementarity relation between variances of two quan-
tum mechanical observables. These relations are impor-
tant in the sense that they establish a bound on a quan-
tity through another complementary quantity and also
helps to understand the geometry of the quantum state
space and information as well as correlation.
So far, several steering inequalities have been derived
on the basis of the existence of single system description
of a part of the bi-partite systems [8–10]. It has also
been quantified for two-qubit systems [11]. In the last
few years, several experiments have been performed to
demonstrate the steering effect with the increasing num-
ber of measurement settings [8] and with loophole free
arrangements [12]. For continuous variable systems, the
steerability has also been quantified [13].
Quantum superposition, on the other hand, is one of
the main reasons for quantum mechanical advantages in
quantum computation, quantum cryptography, telepor-
tation and dense coding and behind all the exclusively
quantum mechanical resources. There was always a need
to measure and quantify quantum superposition and that
was finally fulfilled with the publication of quantifying
coherence [14] and [15, 16]. After its introduction into
the literature, it has turned into a trendy topic, particu-
larly to understand its connection with quantum entan-
glement, Bell nonlocality, other resource theories [17, 18]
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and even as a resource in quantum thermodynamics [19–
23].
Understanding the relations between various resources
and their underlying geometries have utmost importance
in quantum information theory. Quantum steering or
EPR nonlocality is one such resource [24] and it is nat-
ural to be curious about whether it may be employed to
control the coherence of a system nonlocally. It turned
out that it is indeed possible. An intriguing connection
between quantum coherence and quantum steering was
established [3]. In this paper, we dig deeper into the
topic and try to understand the underlying geometry of
quantum steering and how it affects the coherence of a
part of the system nonlocally.
We derive a set of complementarity relations be-
tween various criteria for achieving nonlocal advantage
of quantum coherence (NAQC). We are already aware of
monogamy relation for entanglement [25, 26], Bell [27–
29] and EPR nonlocality [30, 31], which is nothing but an
inequality between entanglement or nonlocality between
three parties. On the other hand, complementarity rela-
tion in this paper is an inequality between various set-
tings on two fixed parties. We show that if one steering
inequality is violated, the inequality with complementary
settings cannot be violated by the state.
To visualize, let us consider a classical scenario. We
consider a set of complementary pairs of keys (“steer-
ings”), as depicted in the Fig. (1). Our aim is to open
and access some resources from the box using these keys.
We call these pairs of keys complementary for the fol-
lowing reasons: If one uses both the keys of a pair one
after another to unlock the box, it cannot be opened. If
they are used separately one by one only one key of the
pairs can open and access the resource. That means the
other complementary key must compensate the result of
another so that they together cannot achieve this advan-
tage. Now, this classical model cannot be taken literally
for our quantum mechanical phenomenon. But at least,
it is now clear from this example that this work classifies
a set of steering inequalities. This classification should be
helpful in understanding the geometry of how to extract
the extra quantum coherence due to nonlocality and use
that as a resource in various information theoretic pro-
2FIG. 1: Graphical depiction of a table of complementary
keys (“steerings”) (a, ac) to access some quantum resource
(NAQC) for quantum information theoretic protocols. If one
key works, the other complementary one does not. Resource
cannot be accessed even if one tries to use both of the com-
plementary keys simultaneously.
tocols.
In [3] (see supplemental material), a connection be-
tween the speed of quantum evolutions and the effect
of quantum nonlocality on it was established. This work
will surely help us to control and manipulate the speed of
quantum system or engines in quantum thermodynamics
using quantum nonlocality.
At first, we generalize and derive a set of NAQC or
steering inequalities following [3] based on different mea-
surement settings. Violation of anyone of them implies
NAQC or as has been argued in [3], a sign of steerabil-
ity. We classify these criteria based on their measure-
ment settings and in the next section, we establish a set
of complementarity relations between them in the sense
that if one particular criterion is violated and the state
turns out to be a steerable state, the other complemen-
tary criterion cannot be violated. We also generalize the
steering or NAQC inequalities in the three-qubit scenario
based on these two-qubit complementarity relations and
at last, in turn, use these inequalities to show the three-
qubit steering or NAQC complementarity inequalities.
II. STEERING INEQUALITIES
Here, we follow the same protocol as steering as was
first laid down in [32] and later taken up in [3] in the
context to show the advantage in quantum coherence due
to nonlocality. We consider a hypothetical game, where
Alice prepares two quantum systems, say, A and B in
an entangled state ρAB and sends the system B to Bob.
Bob does not trust Alice but agrees with the fact that
the system B is quantum. Therefore, Alice’s task is to
convince Bob that the prepared state is indeed entangled
and they share nonlocal correlation. On the other hand,
Bob thinks that Alice may cheat by preparing the system
B in a single quantum system, on the basis of possible
strategies [8, 9]. Bob agrees with Alice that the prepared
state is entangled and they share nonlocal correlation if
and only if the state of Bob cannot be written by local
hidden state model (LHS) [32]
ρAa =
∑
λ
P(λ)P(a|A, λ) ρQB(λ), (1)
where {P(λ), ρQB} is an ensemble of pre-existing local hid-
den states of Bob and P(a|A, λ) is Alice’s stochastic map
to convince or fool Bob by preparing a state ρAa . Here,
we consider λ to be a hidden variable with the constraint∑
λ P(λ) = 1 and ρQB(λ) is a quantum state received by
Bob. The joint probability distribution on such states,
P (aAi , bBi) of obtaining outcome a for the measurement
of observables chosen from the set {Ai} by Alice and out-
come b for the measurement of observables chosen from
the set {Bi} by Bob can be written as
P (aAi , bBi) =
∑
λ
P (λ)P (aAi |λ)PQ(bi|λ), (2)
where PQ(bi|λ) is the quantum probability of the mea-
surement outcome bi due to the measurement of Bi.
To detect the steerability, a set of complementarity re-
lations between coherences measured in mutually unbi-
ased bases were set up [3] for various measures of quan-
tum coherence. For an arbitrary qubit state ρ, these
relations can be written as
∑
i
C
q
i ≤ ǫq, (3)
where throughout the paper we consider q ∈ {l1, E, S}
depending on various measures of quantum coherence,
l1−norm (l1), relative entropy of coherence (E) and skew-
information (S) such that ǫq ∈ {√6, 2.23, 2} respectively
and i ∈ {1, 2, 3} depending on the three mutually unbi-
ased bases of Pauli matrices {σ1, σ2, σ3} respectively.
Let us now describe our steering protocol, which we
use to observe the effects of steering on the coherence
of a part of a bi-partite system. We consider a general
two-qubit state of the form of
ηAB =
1
4
(IA ⊗ IB + ~r · σA ⊗ IB + IA ⊗ ~s · ~σB
+
∑
i,j=x,y,z
tijσ
A
i ⊗ σBj ), (4)
where ~r ≡ (rx, ry, rz), ~s ≡ (sx, sy, sz), with |r| ≤ 1, |s| ≤
1 and (tij) is the correlation matrix.
Alice may perform measurements in arbitrarily chosen
bases. For simplicity, we derive the coherence steerabil-
ity criteria for three measurement settings by Alice in
the eigenbases of Pauli matrices {σ1, σ2, σ3}. When Al-
ice declares that she performed measurement on one of
the three eigenbases of Pauli matrices and obtains out-
come a ∈ {0, 1} with probability {p(ηB|Πai ) = Tr[(Πai ⊗
IB)ηAB ]|i ∈ 1, 2, 3}, Bob measures coherence with re-
spect to the eigenbasis of any one or two of the three Pauli
matrices on his conditional state ηB|Πai (normalised),
where Πai denotes projection operator in the eigenbasis
3of the pauli matrix σi with outcome a ∈ {0, 1}. This
procedure is repeated for all of the Alice’s measurements
in three mutually unbiased bases. Thus, we classify the
coherence steering inequalities in two classes based on
the number of coherence measurements by Bob for each
projective measurements performed by Alice and refer
them as one measurement setting and two measurement
setting respectively. We show that no state with local
hidden state (LHS) model but only other states can vi-
olate these criteria. We also show that in case of three
measurements of coherence by Bob in the three bases
for each projective measurements by Alice, no state can
violate the inequality. This leads to a complementarity
relations between steering criteria.
To start with, let us first describe the one measure-
ment setting and then two measurement setting will fol-
low from the result. We consider Bob to measure the
coherence only in one Pauli basis for each projective mea-
surements performed by Alice. For simplicity, let us con-
sider that Alice and Bob both perform the measurement
in the same basis. We know that Alice’s measurement
in a particular basis affects the coherence of Bob’s con-
ditional state. We define a quantity
SBj (ρAB) =
∑
i,a
p(ρB|Πai )C
q
i+j(ρB|Πai ), (5)
which is a probabilistic combination of coherences of
Bob’s conditional states. Here, upper index on S, 1 de-
notes single measurement setting and j ∈ {0, 1, 2}. If the
conditional state ρB|Πa
k
of bob is considered to be pre-
pared by a local hidden model prepared by Alice, i.e.,
ρB|Πa
k
= ρ
Πi
a
p(ρ
Πi
a )
with probability p(ρΠia ) as given by Eq.
(1), then from the definition of LHS as given in Eq. (1)
we get
SB0 (ρAB) =
∑
i,a
p(ρAa )C
q
i
(∑
λ P(λ)P(a|Πi, λ)ρQB(λ)
p(ρΠia )
)
≤
∑
i,a,λ
P(λ)P(a|Πi, λ)Cqi (ρQB(λ))
=
∑
i,λ
P(λ)Cqi (ρQB(λ))
≤
∑
λ
P(λ)ǫq = ǫq, (6)
where in the last inequality we use the coherence comple-
mentarity relation as stated in Eq. (3) and ρQB is a quan-
tum state received by Bob following local hidden state
model. We arrived at the forth line equality by taking
summation over a on the quantity in the third line. This
is the one setting steering criterion. Similarly, one could
derive the two setting steering inequality as proposed in
[3] as
∑
i,j,a
p(ρB|Πa
j 6=i
)Cqi (ρB|Πaj 6=i) ≤ 2ǫq, (7)
which can be represented as
SB12(ρAB) = S
B
1 (ρAB) + S
B
2 (ρAB) ≤ 2ǫq. (8)
In general, one could generalize the idea and propose a
set of coherence steering inequalities as
SBjk(ρAB) = S
B
j (ρAB) + S
B
k (ρAB) ≤ 2ǫq, (9)
where we consider j 6= k and j, k ∈ {0, 1, 2}. These two
inequalities are valid for any state with LHS model and
a violation by a quantum state like ηAB implies that the
state is not only steerable but also can achieve nonlocal
advantage of quantum coherence.
Now, this is the ideal time to discuss why three mea-
surement settings cannot be considered for detecting
steerability of a state. In fact one could define a third
kind of inequality using three measurement settings in
the following way
SBjkl(ρAB) = S
B
j (ρAB) + S
B
k (ρAB) + S
B
l (ρAB) ≤ 3ǫq,
(10)
where we always consider j 6= k 6= l and j, k, l ∈ {0, 1, 2}.
Thus, it turns out to be a single inequality, i.e.,
SB012(ρAB) ≤ 3ǫq. (11)
III. COMPLEMENTARITY RELATIONS
In this section, we show that the inequality is trivially
satisfied by all the 2-qubit quantum states or in other
words, there is no state which can violate this inequality.
This new inequality will turn out to be a crucial one in
depicting the complementarity relations between various
steering criteria as given in Eq. (6), (8). For this, we
consider a general two qubit state as given in Eq. (4).
To derive this inequality, we start with
SB012(ρAB) =
∑
i,j,a
p(ρB|Πai )Cj(ρB|Πai ) ≤
∑
i,a
p(ρB|Πai )ǫ
q
= 3ǫq. (12)
From the derivation, it should be cleared that we never
used the LHS model of the conditional states of Bob.
Conditional states of Bob for various measurements by
Alice may or may not have LHS model. The inequalities
in Eq. (6) and (8) can be turned into the inequality given
in Eq. (12) just by adding them together. The inequal-
ity (12) is satisfied by all the 2-qubit quantum states,
although (6) and (8) are violated. Thus, the inequality
(12) is actually a complementarity relation between the
two coherence steering criteria given in Eq. (6) and (8),
i.e.,
SB012(ρAB) = S
B
0 (ρAB) + S
B
12(ρAB) ≤ 3ǫq. (13)
Thus, When one criterion among (6) and (8) is violated,
the other one compensates in a way that the inequality
4FIG. 2: We plot the right hand side (S) of SB0 (ρAB) ≤
ǫl1 (blue, dashed), 1
2
SB12(ρAB) ≤ ǫl1 (red, dotted) and
1
3
SB012(ρAB) ≤ ǫl1 (multi-colored continuous plot) for the state
|ψ〉 = √α|00〉 + √1− α|11〉. Here, black straight line paral-
lel to the α-axis shows S = ǫl1 =
√
6. It is clear from the
plot that the steering inequality 1
2
SB12(ρAB) ≤ ǫl1 is violated
by the state, whereas, SB0 (ρAB) ≤ ǫl1 compensates so that
1
3
SB012(ρAB) ≤ ǫl1 is never violated.
in Eq. (12) is never get violated. It turns out that it
is not the only way to decompose SB012(ρAB) quantities
defined by SB1 , S
B
2 and S
B
3 . In principle, one could write
SB012(ρAB) = S
B
0 (ρAB) + S
B
1 (ρAB) + S
B
2 (ρAB)
= SB01(ρAB) + S
B
2 (ρAB)
= SB02(ρAB) + S
B
1 (ρAB)
= SB12(ρAB) + S
B
0 (ρAB). (14)
From these decompositions, it is clear that if one com-
ponent of the decomposition violates the steering in-
equality, for example, SB12(ρAB) ≥ 2ǫq, the other com-
ponent(s) of the corresponding decomposition must sat-
isfy the steering inequality, i.e., SB0 (ρAB) ≤ ǫq such that
SB12(ρAB) + S
B
0 (ρAB) ≤ 3ǫq for any state.
IV. TRIPARTITE STEERING INEQUALITY
There are numerous papers on tripartite steering in-
equalities [38, 39], quantification and detection of genuine
tripartite entanglement using steering inequalities [34–
37], authentication protocol using tripartite steerability
[17]. Here we derive a new steering inequality in the
tri-partite scenario where one of the parties (say Alice)
verify the steerability of the two qubit part (say A and
B) of the state ρabc by the other party (say Charlie),
where A and B parts of the state belong to Alice and
Bob respectively and C belongs to Charlie. To derive
the inequality, we start with the LHS model of the two
qubit system belonging to Alice
ρCc =
∑
λ
P(λ)P(c|C, λ)ρQAB(λ). (15)
One way to derive the steering inequality in this situation
is to follow the method mentioned in [3], i.e., to derive the
coherence complementarity relation for a two-qubit state.
Using the coherence complementarity relation, one can
easily derive the steering inequality for the steerability of
the state belonging to Alice by Charlie(C). In this paper,
we follow another method to achieve the same goal. We
consider the steering complementarity relations derived
above to establish a new kind of steering inequalities as
∑
i,c
SBi (ρAB|Πci ) ≤ 3ǫq. (16)
Another steering inequality similarly can be
∑
i,j,c
SBj 6=i(ρAB|Πci ) ≤ 6ǫq. (17)
The main difference between the former and the later
method is that in the later method, Alice does not need
to own the entire two qubit state to measure coherence
on the conditional states. The proof of the steering in-
equality (16) can be shown following the steering com-
plementarity inequalities given in Eq. (14) as
∑
i,c
SBi (ρAB|Πci ) =
∑
c,i
SBi
(∑
λ P(λ)P(c|i, λ)ρAB(λ)∑
λ P(λ)P(c|i, λ)
)
≤
∑
i,λ
SBi (ρAB(λ))
≤ 3ǫq (18)
where we consider ρAB|Πcj is a normalized state with the LHS model as given above in Eq. (15), i.e., ρAB|Πcj =
5FIG. 3: We consider a three-qubit GHZ state |ψGHZ〉 =
α|000〉 + √1− α2|111〉. and plot the right hand side (S) of
the inequality in Eq. (16) with respect to the parameter α.
The straight line parallel to the α-axis is 3
√
6 line. One may
argue that the steering inequality is too weak because even
GHZ state didn’t show the violation for the entire range of
parameter α. But a counter argument would be that we have
not used the free will and only fixed bases, i.e., Pauli bases
have been used.
∑
λ P(λ)P(c|i,λ)ρ
Q
AB
(λ)
∑
λ P(λ)P(c|i,λ)
. To prove the inequality, we also
consider above in the second line that S(
∑
i piρ
i
AB) ≤∑
i piS(ρ
i
AB) due to the fact that coherence cannot in-
crease under classical mixing. In Fig. (3), we show the
violation of the inequality in Eq. (16)
V. TRIPARTITE COMPLEMENTARITY
RELATIONS
We can now use the tripartite steering inequalities
given in Eq. (16) and Eq. (17) to derive a set of comple-
mentarity steering inequalities for tripartite scenarios as
well. One can easily show that the inequality
∑
i,j,c
SBj (ρAB|Πci ) ≤ 9ǫq (19)
is true for any three qubit systems, i.e., no three qubit
state can violate the inequality. Thus, when the first
three qubit steering inequality given in Eq. (16) is vio-
lated, the other inequality given in Eq. (17) cannot be
violated and vice-versa.
Although, here we have shown only one steering com-
plementarity relation as in Eq. (19), one can in principle
derive a set of similar three qubit steering complemen-
tarity inequalities. One can also generalize the idea in
the multi-qubit scenarios following the similar method.
VI. CONCLUSION
In summary, we generalize the idea proposed in [3] to
establish a connection between two important resources
of quantum information theory, namely quantum coher-
ence and steering and provide a set of new coherence
steering criteria. We classify these criteria in two classes
for two-qubit states based on the number of measure-
ments performed by Bob for each projective measure-
ments performed by Alice. At last, we derive a set of com-
plementarity relations between various coherence steer-
ing criteria.
We also extended the work for three-qubit states and
based on the two-qubit steering complementarity rela-
tions, we derived a set of new three-qubit steering in-
equalities, which can be generalized further for higher
dimensions. Following the two-qubit derivations, we es-
tablished the three-qubit steering complementarity rela-
tions. These complementarity relations imply that if a
state achieves NAQC due to one particular steering set-
ting, it cannot achieve the same by its complementary
setting.
It will be interesting to observe whether one can use
such an advantage in coherence in cryptographic proto-
cols and other information theoretic tasks. One advan-
tage of our relations is that quantum coherence is easily
measurable quantity in the experiments. Studying its
other advantages over the existing protocols will be off
utmost importance in quantum cryptography, quantum
communications and quantum information theory in gen-
eral.
Moreover, we know that quantum coherence plays an
important role in quantum information theory and quan-
tum thermodynamics in setting the speed of quantum
engines [33]. It will interesting to study and understand
the role of quantum steering as a resource in quantum
thermodynamics in controlling thermodynamic engines
nonlocally. We believe that this work will help to ad-
dress such issues in quantum thermodynamics as well as
quantum technologies in general in the future.
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